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ABSTRACT
In this paper we discuss certain fundamental properties of n-inner product space via an . — normed linear space.
Keywords: n-inner product, n-inner product space, n-normed product space.
Introduction:1.1

This paper is dealt with some properties of an n — inner product space n = 2. Also we
establish the explicit forms of n — inner product space via an n — normed linear space. Some
inter related results among n — normed linear space and n — inner product space also shown
here.

Definition:1.2

Let “n” be a positive integer and X be a vector space of dimension d = n (d may be
infinite) over the field of real numbers R. A real valued function {- ,- | -,. . . , -) is defined
on X x X x...x X = X"*1 satisfying the following conditions

(11) (xq,x4|x5,...,x,) = 0 forany x;,x,, ...,x, € Xand

(x1,%1|x5,...,x,) = 0ifand only if x,,x,, ..., x, are linearly dependent vectors.
(12) {xq, 29 |x5,..., x,) = {x;1, X311 |X2,- .., X)) TOr €very permutation

(iy,iy,...,1,) OF (1,2,...,1)

(13) (x,v]|xs,...,x) =y, x|xs, ..., x )V, v, %5,...,x, EX

1
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(14) {ax,v|xqy,...,x,) = alx, v|xg,..., )V x5,...,x, EX ,Va ER
(15) {x+ y, z|xs,..., x50 = {x, 2|x5,..., %) + (v, 2| x5, ..., xp)

Vx,v,zx3,...,x,EX
is called an n — inner product on X and the corresponding pair

(X,{-,|-... , ) called the n — inner product space.

Example:1.3

If X = R™then the following function
(x' .}I) (x- xZ) .- -(x-xn)
(x2,¥) {22, %2) ... {x2, )
(x' }r|x2'“ _.xn) — tas wms wms wms s wms wEs was wms wms wmsow
Gen, ) (e, X0} - (g, )
where x, v, x,,...,x, € X  defines an n — inner product, called the standard or (simple) n —
inner product on X.

Some basic properties of n — inner product (X,{-,-|-,. .. , -)) are as follows

(NIPL) [(x, y1xg, ., )| = /(o x[xa, . 0) 0, v, -, X)

Y x,v,%5,..., X, € X and is known as an extension of the Cauchy — Schwartz
inequality.

(NIP2) {x,v|x5,...,x,) =0 Vx,vy, x5,...,x, €EX
(NIP3) {x,v|ax,,...,x,) = a?{x,¥|xs ..., )V X, ¥, X5 ,...,x, EX
andvVa €ER
(NIP4) (x,y|z4+ w,x5,...,x,) = (x,v|Z,25,..., %) + {x, VW, x5,...,x,,)
+;[(z,w|x + v, %9,...,Xp) —{Z,w|x — ¥, x5,..., xp)]
Vx,v,2 X3,...,x, €EX
Definition:1.4
Let (X,{

..., ")) beann—inner product space.

Let(]|-,. .. , -|I) be non negative real valued function X x X x...x X = X": - R
satisfying the following conditions:
) llxy,x5,..., 2,0l =0ifand only if x4,x5,..., x,, € X are linearly dependent.
|
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(i) llxq,%5,..., x, || is invariant under any permutation of x,,x,,...,x, € X.
@(i)llxy,x5,..., @ x|l = la|llxy, x5,...,x,|| forevery « € R, x4,x5,...,x, € X.
(V) llxy,x0,. .., xp—1, ¥ + 2l = |lxg, x5, 0, x0-q, ¥l +
| ESTE YRR S 4|
forall v, z,x4,%5,...,x,_; EXthen|-,. .. , - |l iscalled an n — norm on X and the

corresponding pair (X,

..., - |l)iscalled n — normed linear space.
Example:1.5
The space X = R™ equipped with the following n — norm.

X11 X912 ... Xqg
X1 X372 ... Xog

lxq,%5,..., x,0l =

Xnt Xp2 - - Xpn

where x; = (x;1, X2,..., X) foreachi = 1,2,...,n

Some basic properties of an n — normed space (X,

..., || ) are as follows:
(NN1) llxy,%5,.. ., x5l 20V xy,25,...,x, EX
(NN2) llx4,%2,..., xp + a1x1 + @zx3+. ..+ ap_y x|l = llxg, 22, ..., x5l

Vx,x3,....,x, €EXVa,as,...,0p-1 ER
In any linear n — inner product space (X,{-,-|-,. .. , -)) we define an

n—normby [|xq,x5,...,x,l = J(xl,x1|x2,...,xn} Vx,v,x5,...,x, €EX

in which the following holds.

(NN3) llx+ v, x5, ..., x, 12+ llx — v, x5, ..., x, 12 =

2(l1x, 22, - Q12 + Ny, xz, -, 20 1%)

which is known as extension of parallelogram law.

(NN4) The Polarization identity:

lx + v, x5, .., xp |12 = lx — ¥, %2,..., x, |12 = 4{x, y|x2,..., Xp)

By the Polarization identity and the property (12) we observe that
(x, y|x5,...,x,) = (x,¥|x2,..., X;), fOr every permutation (i,,...,i,) of (2,3,...,n).
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Also {x, y|x5,...,x,) = 0 when x or y is a linear combination of x,,..., x,, or when
X5,..., X, are linearly dependent.

(NN5) Just as in an inner product space, we have the Cauchy — Schwartz inequality.

[, vz, x| = Hlxxa, - 20l 2, - X0l
And the equality holds if and only if x, v, x4,x>,...,x, are linearly

dependent.
Note:1.6

If (X,]-,...,- ]| ) isan n—normed linear space in which the condition
x4+ v, %5, ..., x, 2 +llx— v, x5, ..., x, 012 =

2(llx, x5, ..., 2,12 + ||y, x2,.. ., x,||%) is satisfied
forall x,v,z,x,,...,x, € X then n — inner product

(- 1-..., ) onXisdefined by

1
(2, ¥|x2, .0, x) == (lx + v, x5, 212 = lx — v, %2,..., x,1?)
4

Some basic lemmas
Lemma:l.7

In n — inner product space, we have the following

) lxtyyt+zoxs,....xmll=llx—zy+zxs..., x5l
=|lx+v,x —zx3,..., %,

(i) llx+y,y—zx3..., 50 =llx+z,y—2z7xs..., 5,
=lx+y,x+2zx3,..., %]l

((ilx—v,v+zx3,....,x.0l =llx +z, v+ 2x5,...,x,]
=|lx —v,x+ 2z x3,..., %,

MWMlx=y,y—zx3,..., x5, = llx =2,y — z,x3,.., %,
=|lx —v,x —z,%x5,..., %,

Proof:

(i) Consider ||[x + v, v + z,x3,..., x|
=l(x+y) — (v +2),y +2x3,...,x, || by (NN2)
=|lx —z,y+zx3,..., x5l

Again, |lx + v, v +z,x3,..., %]l

T. Devi et.al 22
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=|lx+y,(x+y)— (v+2),x3,...,x,] by (NN2)
=lx+v,x —2zx3,...,%,]

(ii) Consider ||x + v, v — z,x5,..., x|l
=llx+y) — O —2),y —zx3,..., 5,1l by (NN2)
=|lx+zy—2zx3..., %l

Again, [[x + v, v — z,x3,..., x|
=llx+y,+y)— O6—2),x3,..., %, by (NN2)
=lx+y,x+zx3,..., 1,4l

(iii) Consider ||x — v, v + z,x5,..., x|l
=llx =y) + O +2),y +2zx3,..., x5, by (NN2)
=|lx+zvy+z2x3...,x,]l

Again, [|x — v, v + z,x3,..., x|
=llx—y, =¥+ 6 +2),x3,..., x4 by (NN2)
=|lx —y,x +zx3,..., x4l

(iv) Consider ||x — y, v — z,x3,..., x|
=llx =)+ O —2),y — 2z, x3,..., x5l by (NN2)
=|lx—zv—z2x3..., %,

Again, |lx — v, v — z,x3,..., %, |
=llx—y,c=y)+ 6 —2),x3,..., x4l by (NN2)
=llx—yv,x —z,x3,...,x,]l

Lemma:1.8

In any n — inner product space X, the followings hold:

(I) ||x+y:3’+3;x3;---;xn”2 :E+2{x;3’|3:x3;---;xn)
—2{x, z|y,x3,..., x,) + 2{y, z|x, x5,..., %)
(”) ”x‘i‘y;y_z:xa;---;xn”z :E—i_z(xjylszSJ"'an}
+2(x, z|y, x3,...,x,) — 2{y, z|x, x5,..., %)
I
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(illx—v,v+z,x3,....,x,0l =2 —2{x,v|z,x3,...,%,)
—2{x, z|y,x3,..., x,) + 2{y, z|x, x5,..., %)
WVlx—v,y—z,x3,...,x5,]l =2 —2{x,v]|z,x3,...,%,)
+2(x, 2|y, X3,..., X)) — 2{v, Z|x, x3,..., %)
Where ¥, = |lx, v, x3,..., x,)1% + l1x, 2, x5, ..., x, |12 + 1, 2, x3,..., %, ||?

Proof:

) Ix+yv,yv+zxs,..., 1P =x+yv,x+v|y+2zx3...,x,)
={x,x+yly+zx3..., x50+ x+yly+zx3...,%,)
={x,x|ly+zx3,...,x,) +{x, vy + 2, %3,...,%,)

Hy,x|ly+z,x3,..., 000 FH vy +2zx35,...,0,)
={v+z,v+z|gxs..,x) +F v+ z,v+z|ly,x3,...,x,)
+2{x,y|y +2,x,x3,..., Xp)
={v,v+z|x,x3,..., %) +{z,¥ + z|x,x3,..., %)
Hy,y+z|y, x3,..., x5 Hlz, v + 2|y, x3,. .., X0)
+2{x,y|v + 2, x3,..., %)
=y, v|x, x3,..., x0) +{v, z|x, x3,.. ., xn) + {2, ¥|x, x3,...,%,)
Hz, z|x, x3,..., x0) + {7, VY, x5, -, x0) v, 2|y, X3, ..., x)
Hz, vy, x3,...,x0) +{z, 2|y, x3,.. ., x) + 2(x,¥]|y + 2, x3,...,Xp)
=ly,x,x3,.. ., X, 17 + Iy, 2, x3,. .., X, |17 + ||z, x, x5, ..., X, |I?
+2(y,z|x,x3,..., xp) + 2{x, ¥|y + z,x3,..., Xp)
Now, {x, ¥v|v + 2, x3,..., %) ={x, V|V, x3,..., x,) +{x,v|z, x3,...,x,)

1
+E[{y,z|x + v, x3,..,%) — (v, zlx —y,x3,..., x,)]

1
={x,v|z, x3,...,x,) +5[(y,z|x +v,x3,...,x) — (v zlx — v, x3,..., x,)]
Also, (v, z|x + y,x3,...,x,) ={(x+y—x,z|x + v, x3,..., x,)
={(x+vyzlx+yv,x3..., 0, — (x,z|x+ v, x3,...,%,)

=—(x,z|lx+ y,x3,...,x,)
I
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(ylzlx _y1x31---yxn) = _(x _J’_x:3|x_y:x3;---;xn)
=—(x—vyzlx —yv,x3,...,x) +{x,z|x — v, x3,...,%,)
=(x,z|lx—y,x3,...,X)
NOW1 (ny|y+z!x3J"'an) = {x;J’|z:x3;---;xn)+
1
—E[{x,z|x +v,x3,..., %) —{x, z|x — v, x3,...,x,)]
1
=(x,v|z,x3,...,%,) -3 [(x,z|x,x5,...,x,) + {x, 2|V, x3,..., x,)
1
—I—E({x,y|x +z,x3,...,x,) — (x, ¥|x — z,x3,..., )]

1
+E[{sz|xlx3j"wxn} +(xJz| _yJXSJ"'an}

+%({x,—y,z|x +2z,%3,...,%,) — {x,—V|x —2,x3,...,x,))]
=(x,v|z,x3,...,x,) — {x,z|v,%x3,...,x,)
Therefore, we have
lx+v,v+zx3..., 5,112 =% +2{x, v|z,x3,..., X,) — 2{x, 2|V, X3,..., X,)
+2{y,z|x,x3,..., X,)
Now from Lemma 2.7 we have
4y, = llx+y,v+zx3,..., 5,017+ llx+ v,y — z,x3,..., x,]
Hx—v,y+zxs..., .10+ lx—v,y—zx3,....x,01%2 ... (1)
8(x,y|z,x3,..., x) = [llx+ v,y + z,x3,..., x,||?
+llx+y,v—2x3,...,%,|?]
“llx—yy+zxs..., 57+ llx—y,y —zx35,...,x,[1°] ... (1)
Theorem: 1.9

An i —normed linear space X is an n — inner product space if and only if (I) is true and
n — inner product is given by (11).

Proof:

Suppose X is an n — inner product space. Then by lemma 2.7 (1) follows.

[
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Assume (1) is true in an n — normed linear space X. using (I) we have
A:4lllz+v,x,x3,...,x, 112+ llx, 2z — v, x3,..., x, 1> +
lz+y,z —y,x3. .., %ll%]
=llx+v+2z2zxs...., .0+ llx+v+2z 2y, x3,..., x,]|°
Hlx—y—2z2z%x3,....,,1P+ lx —v—2,2y,x3,..., x,.||?
=4[llx+v+z2zx3..., .07+ lx+y+2,v,x3,..., %, ]1?
Hlx—y—z2zx3...., P+ lx =y — z,v,x3,..., x,|I?]
=4[llz,x + v, x3,..., x2 /1> + lly,x + 2, x3,..., x,I?
Hlz,x —y,x3,..., 0P+ Iy, x —2,x3,..., x,|1%]
(B): 4[llz + x,v,x3,..., xxlI? + llz — x,y,x3,..., x,l1* +
llz+x,2z —x, x3,...,x,]1%]
=lx+v+2z2zxs...., 5,07+ llx + v+ 2 2%, x3,..., x,]|?
Hlz4+x—v,2z,x3,..., 5, |[? + lz 4+ x — v, 2x, x5,..., x,]|?
=4[llx+v+2z2zx3..., 5017+ Ix+y+2z,x,x3,..., x|
Hlz+x—y,z,x3....x, 2+ lz+x —y,x,x3,..., ., ||%]
=4[llz,y + x, x3,..., x5, 12 + llx, v + 2, x3,..., x|
Hlz,y —x, %3, 1P+ I,y — 2, x3,..., X, |1%]
Adding (A) and (B) we have
llx+ v,z %3, P+ lx—v,2,x3,..., x,||?
=2[llx,z,x3,. .., x, I + ly, 2, x5, ..., x|1%]

Therefore we have an n — inner product space with

1
4<x;yf3;x3;---;xn) = E[”.X'i‘y,Z,ng,---,xn”Z - ”x _szJXSJ"'anllz]

Once again using (I) we have

(C) 4[”x+yyy+zjx3;---;xn”2+ ||x+y1y_zrx31'--1xn||2+

[
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Iy +z,y—zx3,..., x,1%]
=llx+2v+2z2y,x3,.... 5,02 + lx + 2v + 2,22, x5,..., x, ||
+lx —z,2y,x3,..., 17 + lIx — 2,22, x3,..., x,||?
=4[llx+2y + z,v,x3,..., |12+ lx + 2y + 2,2, x3,..., x,||?
Hlx—z,v,%x3,..., .12+ lx — 2,2, x3,..., x,||%]
=4[llx+zv,x3,..., 5, /1> + llx+ 2y,2,x3,..., x,|?
+Hlx—z,v,x3,..., . l12 + llx, 2, x5, .., 2, ||?]
D): 4[llx — v,y + z, x3,..., xx 12+ llx =y, ¥y — z,x3,..., x> —
ly +zv—zx3...,x,0%]
=|lx +z 2y, x3,..., x| + lx + 2,22, x3,..., x,|I?
+llx— 2y — 2,2y, x3,..., x|l + llx — 2y — 2,22, x5,..., x,||?
=4[llx+z,v,x3,..., 5, |I? + lx+ z,2,x5,..., %,
Hlx =2y —zv, x5, %l + lx =2y — 2,2, x5,..., x,,|I?]
=4[llx+z v, x3,.... 12 + |lx, 2, x3,..., %,
Hlx—z,y,x3,..., xpl12 + llx — 2y, 2, x3,..., x11%]
Subtracting (D) from (C) and using (1) we get,

1
{x,v|z,x3,...,xp) = §[||x+ 2y, 2,x3,..., %12 — llx — 2y,2, x3,..., %, %]

1
:E{x’ zylzJXSJ"'an}

=(x,v|z,x3,...,%,)
This completes the proof.
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